In lattice QCD simulations, there is a strong tendency to over-estimate the form factors (and therefore, under-estimate the related charge radii) of pions and other hadrons. The three major systematic in lattice QCD: finite lattice spacing, heavier pion mass, and finite volume all could contribute to the over-estimation of the form factors. Using the chiral effective theory, this can be easily understood as a distortion of the chiral logarithm. If a chiral symmetric Dirac operator is employed for lattice QCD, one has a good control of the former two, while the volume has to be small due to its high numerical cost. In this talk, we focus on the finite volume effects using chiral perturbation theory and discuss how to avoid the over-estimation of the (pion) form factors. We also present our recent lattice results with dynamical chiral fermions.
Introduction
Recent developments of computational resources and numerical algorithms allow us to simulate lattice QCD in realistic setups (we refer the readers to a review article [1] ). In particular, it is remarkable that some of the simulations have already reached at the physical pion mass. In these simulations, the hadronic two-point functions in many different channels are computed and it has been confirmed that the low-energy hadron spectrum is (almost) consistent with the currently known experimental values.
Our next non-trivial target is the three-point functions. In this talk, we focus mainly on that of the pion which is relevant for the computation of its electro-magnetic form factors. Experimentally, it is related to the pion charge radius ⟨r 2 ⟩ V through the relation
where F V (q 2 ) denotes the electro-magnetic form factor at the momentum transfer q 2 (in Minkowski space-time). In terms of chiral perturbation theory (ChPT), it is related to the low-energy constant L 9 (or l 6 in the SU(2) case), which appears at the next-to-leading order (NLO) in the chiral Lagrangian [2, 3] . The electro-magnetic pion form factor and its charge radius have been computed by many lattice QCD simulations (we refer the readers to a review in [4] ). In recent developments (after the last workshop Chiral Dynamics 2012), it is notable that the simulated pion mass has been reached near the physical point [5, 6, 7, 8, 9] . Moreover, the use of the twisted boundary condition on the valence quark becomes standard, which allows us to study the pion form factors with arbitrarily small momentum transfers. We also note that the possible systematic errors due to the twisting and partially quenching effect due to having the periodic boundary in the sea quark sector, have been investigated by Ref. [10] . Even with these developments, however, the lattice data of the pion charge radius are still sizably lower than the experimental value ⟨r 2 ⟩ V = 0.452(11) fm 2 [11] .
Not only in the pion form factors but also in those of other hadrons, there is a strong tendency of lattice QCD simulations to under-estimate the various charge radius. In the computation of the nucleon form factors [12, 13, 14, 15, 16, 17, 18, 19, 20] , for example, there is another source of the systematic errors which could lead the under-estimation. It is the contamination by the excited states. At long range, the nucleon propagator is known to be very noisy, which makes it difficult to obtain a clean signal removing the excited state's effect.
In this talk, we would like to understand using the chiral effective theory, why the hadron charge radii are generally likely to be under-estimated, or equivalently, why the corresponding form factors are over-estimated. As will be shown later, the major three systematics in lattice QCD, finite lattice spacing, lack of chiral symmetry, and finiteness of the volume size all could lead to the under-estimation.
Then we report on the recent progress in our JLQCD collaboration on the pion form factors. Our strategy is to use the dynamical chiral fermions, which allows us to reliably use chiral perturbation theory (ChPT) in the same form as in the continuum theory, and at the same time, automatically remove possible O(a) (a denotes the lattice spacing) errors [7, 21] .
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Extracting (pion) form factors from finite volume lattices Hidenori Fukaya Instead, the volume size of our simulations is quite limited due to the high numerical cost. Namely, the finite volume effect is our main concern in extracting the pion form factors. Here, we propose a method to automatically cancel the main contribution from the zero momentum mode of pions and demonstrate that the pion charge radius can be extracted reasonably from our small lattice.
Why charge radii under-estimated ?
It is not very difficult to understand why many of the hadron charge radii are likely to be under-estimated. Since the pion becomes exactly massless in the chiral limit, there should be a logarithmic enhancement, or the so-called chiral logarithm in any form factors unless a non-trivial cancellation occurs. Therefore, any introduction of extra mass scale δ m 2 could be the source for the under-estimation of the charge radii, since it would play the role of an infra-red cut-off,
In particular, the three major lattice systematics, the lattice discretization effect δ m ∼ Λ 2 QCD a, the heavier simulated pion mass δ m ∼ M simulated π − M π , and the finite volume effect δ m ∼ 1/V 1/4 , all could contribute to this under-estimation.
A beautiful example was given in ChPT [22] where the finite volume correction to the pion one-loop were computed,
where g 1 (M 2 π ) denotes the finite volume correction, which is exponentially small when the mass M π is large compared to the size of the volume (in the p regime),
but near the chiral limit (in the ε regime) it becomes
Here K 1 is the modified Bessel function and the summation is taken over the 4-
) and L 4 = T . β i 's denote the shape coefficients defined in [23] . It is the first term of Eq. (2.4) that exactly cancels the original logarithmic divergence of Eq. (2.2). The last term should be replaced by the exact zero-mode integrals in the ε expansion.
How to remove finite volume effect
In quantum field theories, finite volume effects are produced by the propagation of particles, wrapping around the finite volume. It is not difficult to understand that the lighter particles give the heavier contribution. In QCD, it is the pion that gives the dominant contribution. For a lattice size L = 2fm, for instance, the pion could give a sizable propagation exp(−M π L) ∼ 0.25, while that of kaon (with its mass M K ) gives only exp(−M K L) < 0.01.
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To obtain the "good" score, one needs to suppress the pion propagation to exp(−M π L) ∼ 0.018 and needs L = 5.8fm when we want to simulate QCD at the physical pion mass, which is still a challenging size for up-to-date supercomputers.
In this talk, we would like to look further in details of the dominance of the pion in the finite volume effects. In fact, the non-zero momentum modes of the pions can not be crucial to the effects. Since the momenta are discrete in a finite volume, non-zero momentum modes of the pion only give
Namely, among the different modes of the pions, only the zero-mode gives the dominant contribution to the finite volume effects.
Then an interesting possibility arises: if we could remove or reduce the effect of the zeromode, we could have a better control of the finite volume effects even on small "soso" or "bad" lattices. In the following, we will show this is actually the case.
First, we would like to note that the zero momentum mode of the pion is space-time independent. Its effect always comes as a x-independent constant or an overall constant of the x-dependent function. Namely, it always appears in a form
where only A and B contain the corresponding finite volume effects from the zero-mode. It is not difficult at all to remove these finite volume effect by simple arithmetics, subtraction and division :
where x 0 and x 1 are some appropriate reference points different from x. This simple idea applies to any complicated correlation functions in QCD. In the next section, we will compute more concrete examples of two and three-point functions within ChPT and explicitly show the cancellation of the zero-mode's finite volume effects.
ε expansion in ChPT
The ε expansion of ChPT [22] is a best tool to understand how the zero-mode's cancellation can be achieved, since it separately and non-perturbatively treats the zero-momentum mode from the non-zero modes. The chiral field is expressed by
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Here, F is the pion decay constant in the chiral limit. The chiral Lagrangian is written as
which describes a hybrid system of a matrix and massless bosonic fields. Here, Σ denotes the chiral condensate.
Let us begin our computation with the pseudoscalar two-point function:
where A, B, and C are the x-independent contribution from the zero mode. These are expressed by the modified Bessel functions of dimensionless quantity m i ΣV 's, and their explicit forms are known in the literature [25, 26, 27, 28] . Note here that the zero-mode is subtracted from the momentum summation to avoid overcounting and to keep the condition
where x ref denotes a reference point. We can also use the Fourier transform (as a more sophisticated "subtraction")
which automatically cancels the unwanted constant A when the spatial momentum is non-zero, p ̸ = 0. In the following, we will use C 2pt PP (t, p) for non-zero p, and
for the zero-mode. For the reference point, we will use t ref ∼ 1 fm. Next, we take the ratios of the correlators with different momenta, 6) which cancel the second dominant finite volume effect from the zero-mode B. Of course, there remains C and those in higher contributions but they should be suppressed typically by ∼ 1/(4πF 2 √ V ). Now let us compute our main target: the pseudoscalar-vector-pseudoscalar three-point function. At large distances in the temporal direction, the correlator with the initial non-zero momentum p i and final non-zero momentum p f can be written in a double cosh form
where the coefficient B 3pt (mΣV ) contains the dominant finite volume effects. The vector form factor (which is equivalent to the electromagnetic form factor in our isospin symmetric case) is
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By taking a ratio of the three-point and two two-point functions, 8) one can cancel the double cosh part. Here the averages are taken over the same absolute value of momenta, using the rotational invariance. When either or both of p i and p f is zero, we can use
and ratios
For R 2 V in Eq. (4.11) we can interchange the role of initial and final states and include the case of |p i | = 0 and |p f | ̸ = 0. Taking further ratios, we obtain 14) which should converge to the form factor F V (q 2 ) at large t and t ′ . The leading finite volume effect is thus canceled by these simple manipulations.
Note that the strategy of taking ratios is not new but has been widely used for various purposes, such as canceling the smearing effect, renormalization and so on. The remarkable difference from these conventional approaches is that the zero-mode effect is manifestly removed before taking the ratios.
Extracting (pion) form factors from finite volume lattices Hidenori Fukaya In this section, we have explicitly demonstrated the cancellation of the dominant finite volume effects from the zero-mode, in the two and three point correlators using the ε expansion of ChPT. This means that even in the so-called ε regime, where M π L ≲ 1, the vector form factor of the pion can be extracted without resorting to the complicated Bessel functions. Here we would like to emphasize that the use of the ε expansion is just for separating the zero-mode from others. Even in the p regime, the structure of the zero-mode contribution is unchanged, our ratio method should work.
Results by JLQCD collaboration
As mentioned in the previous section, our strategy is to keep a good chiral symmetry on the lattice, which suppresses the lattice artifacts, and use the combination of the observables insensitive to the pion zero-mode to have a good control of the finite volume effects.
To this end, we sample the gauge configurations of size 16 3 × 48 generated with the Iwasaki gauge action and 2+1-flavors of the overlap quark action. The simulations are carried out at β = 2.3, where the lattice cutoff 1/a = 1.759(8)(5) GeV (a ∼ 0.112(1) fm) is estimated by the data for the Ω-baryon mass as an input. The lattice size in the physical unit is L ∼ 1.8 fm.
In this work, we reduce the up-down quark mass to ma = 0.002, which roughly corresponds to 3 MeV in the physical unit, and the pion mass at this value is m π ∼ 99 MeV [29] , which is below the physical point. For the strange quark, we set its mass almost at the physical value, m s a = 0.080. In this set up the pions are in the ε regime (m π L ∼ 0.90), while the kaons are in the p regime.
Along the Hybrid Monte Carlo updates, the global topological charge is fixed at the trivial topological sector Q = 0. Since its effect is encoded in the pion zero-mode, the ratio of the correlators introduced in the previous section is independent of Q, at least, at the leading order of ChPT.
The correlation functions are calculated using the smeared sources with the form of exponential function. To obtain a good statistical signal, the so-called all-to-all propagator technique is employed, where the low-energy part of the correlator is calculated from 160 eigenmodes of the Dirac operator and averaged over different source points, while the higher-mode contribution is estimated stochastically with the dilution technique [30] . For ∆ t for the zero-momentum correlator, we use the reference time-slice at t ref a = 12(∼ 1fm).
The auto-correlation time of the correlators is at most 7 trajectories. The statistical errors in the analysis are estimated by the jackknife method after binning data in every 20 trajectories. Figure 1 presents our lattice data of We plot F V (q 2 ) obtained at various q 2 in Figure 2 . They are obtained at various combinations of p i and p f listed in Table 1 . For comparison, we also plot the data in the p regime (at ma = 0.015) 
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t=6 t=7 t=8 [32]. The new data in the ε regime show a steeper slope near the origin, which indicates a larger value of the pion charge radius. We fit the form factor F V (q 2 ) to a function
which is motivated by the vector dominance hypothesis and corrections are added as a polynomial. The same function was also used in our previous analysis of the p regime data [31] . Since our calculation of the vector meson mass on the ε regime ensemble is too noisy to be useful, we use the physical ρ meson mass, 770 MeV, as an input to Eq. (5.1) and treat a 1 and a 2 as free parameters. The fit curve goes through the lowest four |q 2 | points as shown in Figure 2 . The χ 2 /dof is below
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Extracting (pion) form factors from finite volume lattices Hidenori Fukaya ,0) (1,1,1) (1,1,1)  0.1281 (0,1,0) (1,1,0) (1,0,0)  0.3084 (0,−1,0) (1,0,0) (1,1,0)  0.4366 (0,0,−1) (1,1,0) (1,1,1) 
pol. m ud =0.015 1.0 in this case. When we include higher |q 2 | points, the fit becomes worse and χ 2 /dof increases up to 2.5. The charge radius at our simulated mass is obtained as
where the first error is statistical and the second is systematic, as explained below. Note that the central value is larger than the experimental value, 0.452(11)fm 2 .
Although the main part of the pion zero-mode's effects is removed, the systematic error due to finite volume remains dominant. First, since the momentum space is discrete, the number of data points near q 2 = 0 is limited. The choice of the fitting range and/or fitting function affects the determination of the slope at q 2 = 0 by 12%. Here we assign the variation of the fit results as the systematic effect. (The central value is taken from the fit of the lowest four |q 2 | point to Eq. (5.1).) In addition to the model function Eq. (5.1), we attempt a simple polynomial function of second order (dashed curve in Figure 2 ) in this analysis.
Extracting ( Second, the dispersion relation may be distorted in the ε regime. By an estimate at the next-toleading order ChPT, it can be shown that a distortion of the form
π is used when constructing R 1 V , as given in Eq. (4.8), this effect may induce a bias as large as ∼ 10%.
Finally, the effect of non-zero modes are non-negligible on our small lattice [21] . We estimate its size as 8%. In total, we assign 17% as the total size of the systematic error by adding these sources in quadrature. This is shown in Eq. (5.2) as our estimate of the systematic error. Because it is large, other sources, such as those from discretization effect, are expected to be sub-dominant. Figure 3 shows the dependence of ⟨r 2 ⟩ π V on the pion mass squared. The result Eq. (5.2) is plotted together with our previous calculation at heavier pions [32] . It is clear that the ε regime result (circle) is much higher than the points above m π ≳ 300 MeV (square). It indicates the existence of the strong (logarithmic) curvature of the pion charge radius near the chiral limit.
Finally, we interpolate the data to the physical pion mass. We use the functions suggested by the SU (2) and SU(3) ChPT. At the next-to-leading order, they are
and
for SU (2) and for SU (3) , respectively, with N = (4π) 2 and F the pion decay constant in the chiral limit. The parameters ℓ r 6 and L r 9 are relevant low-energy constants in SU (2) and SU(3) ChPT,
Extracting (pion) form factors from finite volume lattices Hidenori Fukaya respectively. The result for the charge radius at the physical pion mass is ⟨r 2 ⟩ V = 0.49(4)(4) fm 2 (at physical point), (5.5) where the first error is statistical and the second is systematic, including the one in Eq. (5.2) as well as the variation due to the choice of the chiral fit functions. That includes the ChPT formulas and a polynomial function at the second order.
Through the ChPT fits, we also obtain F and ℓ r 6 (or L r 9 ). The value for F is lower than its physical value: 57(8)(10) MeV and 60(9)(9) MeV for the SU (2) and SU (3) fits. This is consistent with our previous extensive analysis of the pion mass and decay constant in two-flavor QCD [32] . The low-energy constants, in the conventional notations, we obtained in this analysis arē
These values are also smaller than their phenomenological estimates, which may indicate that NNLO corrections are not negligible, in our p regime data points.
NLO finite volume effects
After removing the dominant finite volume effect from the zero-mode, what remains in F V (q 0 , q) is the effect of the non-zero momentum modes, which is expected to be perturbatively small. In this section, we compute this non-zero-momentum effect to the pion 1-loop and numerically confirm this expectation.
To this end, all we need to evaluate is
Here and in the following, we ignore the terms proportional to q ν , since they are always contracted with a perpendicular 4-momentum vector to q µ , and thus do not contribute to the final result. It is not difficult to decompose it as
where
Note that I b=0 (q 0 , q) is the infinite volume limit of I µν (q 0 , q) and thus, the finite volume correction is given by
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where ∆ = x(1 − x)q 2 , and K i (z) denotes the i-th modified Bessel function. Here, we have neglected a term proportional to q µ b ν , since that term is proportional to q ν after the summation over b ν . When b 0 = 0, it is straight forward to numerically evaluate the above form. However, when b 0 ̸ = 0, we need a special care because we need to analytically continuate the results with respect to q 0 . Here we simplify the situation using an inequality 6) in Eq. (6.5). Namely we neglect the oscillating factor exp(ixb 0 q 0 ). Then the analytic continuation of q 0 has no subtlety since the Bessel functions are all vanishing in the limit |q 0 | → ∞ with any complex phase. Note here that the real part √ ∆ is always positive. We do not think this overestimation affects the result very much, since the temporal direction is usually larger than the spatial direction by a factor of 2 or 3, and therefore, the contribution from b 0 ̸ = 0 is much smaller from the beginning.
Taking µ = 0 direction the finite volume correction to F V (q 0 , q) can be computed as
where ∆l(q 0 , q) = − 1
. (6.8) Note that ∆l(0, 0) = l 00 . Our numerical estimates for ∆F V (q 0 , q) at L = T /2 = 2, 3, 4 fm are presented in Fig. 4 . Here,
, assuming the dispersion relation of the pion energy, q = p f − p i , and choose M π = 135MeV, F eff = 92.2MeV, as inputs. The zig-zag behavior may be due to the lack of the rotational symmetry on the lattice. Since F ∞ V (q 2 ) is an O(1) quantity, our result shows the remaining finite volume effects is around a few % already at L = 3 fm, even when m π L < 1.
Summary
In this work, we propose a method to calculate the pion form factor in the ε regime. Inserting momenta to the operators, and taking appropriate ratios of them, we can eliminate the dominant
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Extracting ( contribution from the pion zero-mode. A tree-level analysis of the vector pion form factor in the ε regime confirms this observation; the result for the pion charge radius is consistent with the experiment, showing the existence of a logarithmic divergence towards the chiral limit. This cancellation of the zero-mode occurs only at the leading order, and there should be nontrivial corrections at the next-to-leading order. This remaining finite volume effects are turned out to be sizable in the presented calculation. On the lattice of size L ∼ 3 fm or larger, such effect would be reduced to a few % level. One may also use the twisted boundary condition for the valence quarks, although we need a study of the partially quenched effect in the ε regime analysis of ChPT.
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